Forest fire models have been widely studied from the context of self-organized criticality and from the ecological properties of the forest and combustion. On the other hand, reaction-diffusion equations have interesting applications in biology and physics. We propose here a model for fire propagation in a forest by using hyperbolic reaction-diffusion equations. The dynamical and thermodynamical aspects of the model are analyzed in detail. ͓S1063-651X͑97͒02912-7͔
I. INTRODUCTION
An important problem of our society is the forest fire. Some important organizations, especially the USDA Forest Service, have been researching this theme for some time ͓1͔. Their studies are based in very specific phenomena which take place in the forest fire ͓2͔.
On the other hand, recently several papers related with percolation theory and self-organized criticality ͑SOC͒ ͓3͔ are trying to provide a different dynamical model for the fire spread. The basic problem of the SOC models is their hard adaptation to the real problem. A common assumption of them is the incorporation of the reforestation concept in their restoration rules. This concept is a necessary condition in order for the system to reach self-organization. From the practical point of view this is not realistic because it is not admissible that burned trees may become green trees at the same time that green trees are burning.
The model we present in this work is not so specific as those employed by the ecologists but is more realistic than the SOC models, because our model may be applied in real time and the reforestation concept is not needed. Our aim is to propose a theoretical continuum-deterministic reactiondiffusion model in order to describe the dynamical evolution of the fire. Further generalizations of our model could be employed in realistic descriptions of the spread of fire but a connection between the characteristic parameters of our model and the experimental data is not yet established. At the moment we focus our attention on a simple model which will provide interesting information about dynamics and nonequilibrium thermodynamics of the forest fire propagation.
II. THE MODEL
In this section we build up the reaction-diffusion model from three reasonable hypotheses which are introduced gradually in order to analyze the effects of each one of them. We define n as the normalized number of burning trees, D as the diffusion coefficient, as the relaxation time or the delay time in the appearance of the fire flux, and F as the reaction term between green and burning trees. If we want to investigate how n changes with time and position, the evolution is given by the hyperbolic reaction-diffusion equation
where F(n)ϭr f (n) is the reaction term. This equation differs from the classical one in the term which includes the relaxation time . This time describes the delay effect in the appearance of the fire when the first trees begin to burn. On the other hand, this equation has the interesting property that it describes traveling fronts which are constrained to propagate with a finite velocity. This and other properties are recently studied by Méndez and Camacho ͓4͔. In fact, the study of propagation of fronts for parabolic reactiondiffusion equations has a long history going back to the works of Fisher ͓5͔ and Kolmogorov, Petrovsky, and Piskunov ͑KPP͒ in the 1930's ͓6͔.
In practice, Eq. ͑1͒ is used to describe the evolution of the system between two homogeneous steady states. In the forest fire model, both states are, as we shall see, the state corresponding to the whole forest green (nϭ0) and the state corresponding to the whole forest burned (nϭ1). Both states may be connected by a traveling front with a speed v which must fulfill some restrictions. These came initially from the linearized theory ͑KPP method͒ but recently Benguria and Depassier ͓7͔ proposed new restrictions by means of variational formulation ͑BD method, for short͒ useful when linearization method does not hold. In order that Eq. ͑1͒ presents traveling fronts joining nϭ0 and nϭ1 it is necessary that ͓4͔ 
hϭϪgЈϾ0 with g(N) an unknown auxiliary ͑trial͒ function. It is interesting to note that both speed selection methods predict the same maximum speed for the front c ϭ1/ͱa. This is, in fact, the speed of the characteristics corresponding to the hyperbolic nonlinear PDE given by the adimensional form of Eq. ͑1͒. Our second assumption in this work is to construct an explicit form for the reaction term in Eq. ͑1͒. This term may be derived taking into account the interaction between the burning ͑denoted by B) and the green trees ͑denoted by G). This interaction is described by the irreversible reaction Gϩ␤B→ r ͑ ␤ϩ1͒B, where ␤ (у1) quantifies the number of burning trees needed in order to set fire to a near green tree. This parameter may be related, in practice, with the distance between trees and the capacity of a green tree to be burnt. So, for greater values of ␤ it is expected that the speed of the fire front will be smaller. The parameter r is the reaction constant, which is inverse to the characteristic reaction time. So, a is the quotient between the relaxation and reaction times. The reaction term is given as
where n G ϩn B ϭ1 ͑the total number of trees of the forest is constant and equal to the normalized value 1͒, n G and n B the number density of green and burning trees, respectively.
III. CONSTRAINTS FOR THE SPEED OF THE FIRE FRONT
With these two assumptions we find our two-dimensional ͑2D͒ reaction-diffusion equation. Introducing the new spatial and temporal variables x *ϭ(x*,y*)ϭͱr/Dx, t*ϭrt and aϭr, n B ϵn. Equation ͑1͒ together with Eq. ͑5͒ is written as
where f (n)ϭn ␤ (1Ϫn) and f Ј(n)ϭd f /dn. As we are interested in finding traveling fire fronts connecting two homogeneous steady states nϭ0 (n B ϭ0, n G ϭ1) and nϭ1 (n B ϭ1, n G ϭ0), we introduce the wave variable zϭ k-xϪt, where kϭ(k 1 ,k 2 ) is the wave number vector and the frequency. The phase speed of the fire front is assumed to be the same that the speed of propagation of the interphase between the region where nϭ1 ͑all trees are burned͒ and nϭ0 ͑all the trees are green͒. This speed is found to be vϭ k k ͉k͉ and we may write the speed in terms of the dimensionless speed cϵ͉c͉ as ͉v͉ϭ͉c͉ͱrD. Defining z*ϭzͱr/D, we find z*ϭk*-x*Ϫ␣t*, where
In terms of the z* variable we rewrite Eq. ͑6͒ as
where N(z*)ϭn(k-xϪ␣t) and bϭ͉k͉ 2 Ϫa␣ 2 and we have omitted all the asterisks for notational simplicity. For ␤ϭ1 ͑logistic reaction͒ the linearization theory holds ͓4͔. We find that in this case it is possible to obtain fire fronts connecting nϭ0 ͑unstable state͒ to nϭ1 ͑stable state͒ evolving in time if its velocity of propagation is restricted to
with aϽ1 and f Ј(0)ϭ1. For ␤ϭ1 linearization theory is no longer valid and we must apply another method. We use the BD method as an alternative one. Applying this method we obtain
where I(g) is given by Eq. ͑4͒. Let us now to apply the last method to a source term f (N)ϭN ␤ (1ϪN). As the auxiliary function g(N) must satisfy gЈ(N)Ͻ0 we have, in principle, a wide range of g functions to choose. We apply the method for two specific forms of g, also used by Benguria and Depassier. Taking
with Ͻ1, and finally
So, from Eq. ͑4͒ one obtains
with Ͻ1 and ␤Ͼ1. Taking now
So, from Eq. ͑4͒ we find
Using the explicit form for the source term, we find after some algebra,
.
͑12͒
As I, and as a consequence c L (BD) , depend on ␤ we may conclude that the minimum velocity necessary to make the existence of traveling wave fronts possible is constrained to the needed number of burning trees. In order to appreciate this effect we evaluate c L for ␤ϭ1 and ␤ϭ2 by using Eqs. ͑9͒ and ͑12͒ obtaining For any a one concludes c L (␤ϭ1)Ͼc L (␤ϭ2) and the possible speed of the front may be lower for ␤Ͼ1 than for ␤ ϭ1, as is expected because a great number of needed burning trees might decrease the speed of the fire propagation. Another interesting feature of the BD method is the maximum value for c L (BD) . As I(g) takes different values for each trial function chosen then I͓0,ϱ) and it is easy to show
ͪ .
IV. ADDITIONAL RESTRICTIONS FOR THE FIRE FRONT
In this section we derive restrictions coming from the shape of the fire front. These are considered as restrictions on N 0 in terms of a and ␤. If the fire spreads as a monotonic plane wave front there must exist an inflection point. Let  N 0 ϵN(xϭyϭtϭ0)ϭN(zϭ0) be the initial number of burning trees which generates the spread of the fire. If we force zϭ0 to be the inflection point, by rescaling the origin of z, we obtain from Eq. ͑7͒ ␣N z ͑ zϭ0 ͓͒1Ϫa f Ј͑N 0 ͔͒ϩ f ͑N 0 ͒ϭ0.
͑13͒
Defining pϭϪN z , it is easy to see that pϾ0 for ϪϱϽzϽ ϩϱ if the front is assumed, as in the literature, monotonically increasing with z, and p reaches its maximum value just for zϭ0. So, from Eq. ͑13͒
͑15͒
On the other hand, introducing p in Eq. ͑7͒ and integrating we find
From Eqs. ͑14͒ and ͑16͒ we write the first additional restriction as
In terms of the source term, Eq. ͑17͒ becomes the first restriction
with ␤Ͼ1 and 0ϽN 0 Ͻ1 and from Eq. ͑15͒ the second restriction is
These restrictions must be viewed as conditions on N 0 in order to have a monotonically increasing fire front in terms of the characteristics parameters a and ␤ of the forest. Let us now specialize Eqs. ͑18͒ and ͑19͒ for ␤ϭ1. The second restriction ͑19͒ is fulfilled if aϽ1. The first restriction ͑18͒ leads us to 3ϪaϪͱa 2 ϩ3 6 рN 0 р 3Ϫaϩͱa 2 ϩ3
.
A sufficient condition in order for the first restriction to be fulfilled for any a is 1/2Ϫͱ3/6рN 0 р2/3. On the other hand, the steepness of the front is p max , and, therefore, the width of the front L is the inverse of the steepness. So, we may define
For the classical case (aϭ0), Lϭc/ f (N 0 ) and taking N 0 ϭ1/2 and the logistic source (␤ϭ1) one recovers Lϭ4c for the 1D model. In our case
It is expected that for an increasing value of ␤ ͑fixing a, c, and N 0 previously͒ the width be a monotonically increasing function, so the spatial region of mixed states between 0 and 1 must increase with the needed burning trees. To guarantee this behavior we impose that dL/d␤Ͼ0. However, it is easy to prove, after some algebra, that a sufficient condition for L to be a monotonically increasing function with ␤ is that a Ͻ1 and 0ϽN 0 Ͻ1.
V. EXACT SOLUTIONS
We derive in this section exact solutions for the nonlinear differential equation ͑7͒. First of all we try to find solutions for the logistic reaction. Following ͓8͔, we assume an initial value N(zϭ0)ϭ1/2 and a logistic reaction term of the form which has the solution N͑z ͒ϭ1ϩB 1 e n ϩ z ϩB 2 e n Ϫ z .
As N(z→Ϫϱ)ϭ1 is fulfilled only for n Ϯ Ͼ0, it is necessary that B 2 ϭ0. On the other hand, it is necessary that N(zϭ0) ϭ1/2 and this implies that
Only one constant remains to be determined. This is done imposing that both curves must have the same slope, that is, (dN/dz) zϭ0 must be equal for both solutions. This restriction becomes
Solving the set of equations for the integration constants we get
and the solution is written as
͑21͒
In Fig. 1 we plot for kϭ1, cϭ1.8, and aϭ1/4 the solution ͑21͒. Now, we may also find exact solutions when the fire front travels with the maximum speed ͉c͉ϭ1/ͱa. In this situation, Eq. ͑7͒
submitted to the restriction f Ј(N)Ͻ1/a, may be integrated to yield
where z 0 is an integration constant to be determined from the initial conditions. For our source term, Eq. ͑22͒ reduces to
For the logistic source (␤ϭ1) this solution leads us to
where z 0 ϭ2a␣ln2 for N(zϭ0)ϭ1/2. For ␤ϭ2 the corresponding solution is
Both cases may be depicted in Fig. 2 . We can appreciate that the width of the front for ␤ϭ2 is greater than for ␤ϭ1.
Only for ␤ϭ1 and aϭ1/3 one can find an exact and invertible solution such as
͑23͒
with N 0 ϭ1/2.
VI. NONEQUILIBRIUM THERMODYNAMICS OF THE FIRE FRONT
The steady states nϭ0,1 are thermodynamical equilibrium states. So, the fire front joins both equilibrium states, and this connection may be considered as a thermodynamical transport or a nonequilibrium process. In this sense we study in this section the thermodynamical description of the fire propagation. The extended irreversible thermodynamics ͓9͔ provides a thermodynamical interpretation when the entropy density for the burning trees depends on the classical variables as well as the dissipative fluxes. The consequent Gibbs equation is integrated to yield
where s eq (b) is the local-equilibrium entropy density, T the temperature, J the burning tree flux, a kind of chemical potential, and a parameter that will be identified later. Moreover we have from the Gibbs equation
From the particle balance equation for n 
where J (s) ϭϪJ/T is the entropy flux and (b) the entropy production as usual. It follows that
The physical volume element contains two subsystems. On one hand the burning trees-which are the foci of our attention-and, on the other hand, the media where these trees spread-which are the green trees. What must be positive definite is the total entropy production, that is, the entropy production of the whole forest
The entropy production of the forest may be split into two contributions: that concerning the diffusion process ( (diff) ) and that corresponding to the reaction process (
The first equation is fulfilled by requiring the linear relation
with A a positive scalar quantity. We define ϵ/An (b) and Dϵ (‫ץ/ץ‬n (b) Let us now analyze in detail the nonequilibrium thermodynamics of the fire propagation. As is shown in ͓4͔, stochastic and EIT descriptions coincide for small fluxes. In order to calculate the chemical potential we use the stochastic description and we expand up to second order in J. From the stochastic description for the entropy density ͓4͔ we find
Introducing the dimensionless entropy production and flux *ϭ/kk B and J*ϭJͱ/D, respectively, we may write the entropy production of the burning trees as ͑omitting all the asterisks͒
If we assume that the entropy production of the reaction is zero because the burning and green trees have the same entropy production but with different sign, the entropy of the forest is positive definite and equal to
͑28͒
Let us now compute the explicit solution for this entropy production for a specific situation. First of all we must calculate the flux J. Starting from Eq. ͑27͒ and defining Y (z) ϵk-J we may rewrite Eq. ͑27͒ in dimensionless form as
and this may be integrated to yield
where pϭ3z/2␣ after integration by parts and C is an integration constant such that Y →0 when p→Ϯϱ. The entropy production is given then by
Using the explicit solution ͑23͒ we find ͪ ͱe 3z/␣ ϩ8e 3z/2␣ .
In Fig. 3 we plot ⌺ in front of p together with N. We observe that the entropy production reaches significant values in the step of the front, so, the thermodynamical region of interest is that of around zϭ0 because it is there where the nonequilibrium processes take place.
VII. CONCLUSIONS
A hyperbolic reaction-diffusion equation for the forest fire propagation is studied as a model. To analyze the dynamical behavior of the fire front propagations, we use conventional tools, such as linearization and BD methods in order to find information about the speed of the front. Moreover, we have derived two additional restrictions coming from the shape of the fire front. These are established as conditions on the initial number of burning trees N 0 which generates the spread of the fire front, in terms of characteristics of the forest such as a and ␤. We also study the width of the front L which is always an increasing function of the necessary number of burning trees ␤ for the ignition of a neighboring green tree, if the front is stable (aϽ1). Exact solutions are found but these are expressed as NϭN(z) only for the logistic reaction term.
Nonequilibrium thermodynamics for the connecting process between two equilibrium states were also studied. We calculated explicitly the entropy production of the forest and the burning trees flux. The entropy production of the forest is always positive and has two interesting properties: it has, in addition to the burning tree flux, a solitionlike form and reaches a maximum value just in the step of the front as expected.
